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ON HYPERQUADRICS CONTAINING PROJECTIVE VARIETIES
EUISUNG PARK
Abstract. Classical Castelnuovo Lemma shows that the number of linearly indepen-
dent quadratic equations of a nondegenerate irreducible projective variety of codimension
c is at most
(
c+1
2
)
and the equality is attained if and only if the variety is of minimal
degree. Also G. Fano’s generalization of Castelnuovo Lemma implies that the next case
occurs if and only if the variety is a del Pezzo variety. Recently, these results are ex-
tended to the next case in [Pa3]. This paper is intended to complete the classification of
varieties satisfying at least
(
c+1
2
)
− 3 linearly independent quadratic equations. Also we
investigate the zero set of those quadratic equations and apply our results to projective
varieties of degree ≥ 2c+ 1.
1. Introduction
Throughout this paper, we work over an algebraically closed field k of characteristic zero.
For a closed subscheme Z ⊂ Pr, we denote by a2(Z) the number of linearly independent
quadratic equations of Z. That is, a2(Z) = h
0(Pr, IZ(2)).
Let X ⊂ Pn+c be a nondegenerate irreducible projective variety of dimension n and
degree d. As it was indicated in [L], the natural problem of finding an upper bound of
a2(X) and classifying the borderline cases can be answered by the classical Castelnuovo
Lemma and its generalization by G. Fano (cf. [C] and [Fa]).
Theorem 1.1 (Theorem 1.2 and Theorem 1.6 in [L]). Let X ⊂ Pn+c be as above. Then
(1) (G. Castelnuovo) a2(X) ≤
(
c+1
2
)
; the equality is attained if and only if d = c+ 1.
(2) (G. Fano) If c ≥ 2, then a2(X) =
(
c+1
2
)
− 1 if and only if a general linear curve
section of X is a linearly normal curve of arithmetic genus one.
Varieties appearing in Theorem 1.1.(2) are nowadays called del Pezzo varieties, due to
T. Fujita (cf. [Fu3, Chapter I. § 6]). They are exactly varieties of almost minimal degree
which are arithmetically Cohen-Macaulay (cf. [BS2, Theorem 6.2]).
In [Pa3], the author approached this problem through a more basic method of “hyper-
plane section argument”. Indeed, let Γ ⊂ Pc be a general zero dimensional linear section
of X . Thus it is a finite set of d points in general position. Also let Γ0 be a subset of Γ
such that |Γ0| = min{d, 2c+ 1}. Then Γ0 ⊂ P
c is 2-normal and hence
a2(Γ0) =
(
c+ 2
2
)
− |Γ0|.
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Also it holds that a2(X) ≤ a2(Γ) ≤ a2(Γ0). These elementary observations give us the
following useful inequality:
(1.1) a2(X) ≤
(
c+ 1
2
)
−min{d− c− 1, c}
(cf. [Pa3, Proposition 4.2 and Corollary 4.3]). For example, it implies that the value of
a2(X) is at most
(
c+1
2
)
and equality can occur only when d = c+ 1. Also it shows that if
a2(X) =
(
c+1
2
)
− 1 then d ≤ c+ 2. In [Pa3, Theorem 4.5], Theorem 1.1 was reproved and
generalized to the next case by combining (1.1) and the structure theory of “low degree
varieties” (eg. [HSV], [BS1], [BS2], etc).
Theorem 1.2 (Theorem 1.3.(4) in [Pa3]). Let X ⊂ Pn+c be as above. If c ≥ 3, then
a2(X) =
(
c+1
2
)
− 2 if and only if either d = c+ 2 and depth(X) = n or else d = c+ 3 and
depth(X) = n+ 1.
Along this line, this paper is intended to study the following three problems induced
from (1.1):
(1) Classify all X ⊂ Pn+c satisfying the condition a2(X) ≤
(
c+1
2
)
− 3.
(2) By (1.1), if d ≥ 2c + 1 then the value of a2(X) is at most
(
c
2
)
. Then classify all
X ⊂ Pn+c such that d ≥ 2c+ 1 and a2(X) ≤
(
c
2
)
− 3.
(3) For a projective variety X ⊂ Pn+c, we denote by Q(X) the zero set of I(X)2 in
Pn+c. Namely, Q(X) := Bs(|IX(2)|). Then investigate the irreducible decomposi-
tion of Q(X) when X ⊂ Pn+c appears as an answer for the previous two problems
(1) and (2).
Our first main result in this paper is the generalization of Theorem 1.2 to the next
case and hence it gives an answer for Problem (1). The sectional genus of X , denoted by
g(X), is defined to be the arithmetic genus of a general linear curve section of X .
Theorem 1.3. Let X ⊂ Pn+c be as above. If c ≥ 4, then a2(X) =
(
c+1
2
)
− 3 if and only
if X satisfies one of the following conditions:
(i) d = c + 2 and depth(X) = n− 1 (and hence n ≥ 2);
(ii) d = c + 3 and X is a variety of maximal sectional regularity;
(iii) d = c + 3, g(X) = 1 and depth(X) = n;
(iv) d = c + 4 and depth(X) = n + 1.
The proof of this result is provided in § 3.
See § 2 where we review basic properties of varieties of almost minimal degree and
varieties of maximal sectional regularity (including their definition).
Next, we consider the inequality (1.1) for the cases d ≥ 2c + 1. Then a2(X) is at
most
(
c
2
)
and it takes the possible maximal value
(
c
2
)
if X is contained in a variety of
minimal degree as a divisor. It is one of the most beautiful applications of the classical
Castelnuovo Lemma that the converse is also true if d ≥ 2c+3. Also Fano’s generalization
of Castelnuovo Lemma implies that if d ≥ 2c + 5 then a2(X) =
(
c
2
)
− 1 if and only if X
ON HYPERQUADRICS CONTAINING PROJECTIVE VARIETIES 3
is contained in an (n + 1)-dimensional del Pezzo variety. In this direction, we obtain the
following our second main result.
Theorem 1.4. Let k be an integer in {0, 1, 2, 3}. Suppose that c ≥ k + 2 if 0 ≤ k ≤ 2
and c ≥ 6 if k = 3. Let X ⊂ Pn+c be a nondegenerate irreducible projective variety of
dimension n and degree d ≥ 2c+2k+3. Then the following two conditions are equivalent:
(i) a2(X) =
(
c
2
)
− k.
(ii) There exists a unique (n+1)-dimensional variety Y ⊂ Pn+c such that X ⊂ Y and
a2(Y ) =
(
c
2
)
− k.
The proof of this result is provided in § 5. See Theorem 5.1.
In the proof of Theorem 1.4, the existence of Y is shown by using the Castelnuovo
theory, including I. Petrakiev’s recent result in [Pe]. See Theorem 5.2.
Once we know the existence of an (n+1)-dimensional variety Y , it follows by Bezout’s
theorem that Y is an irreducible component of Q(X) = Bs(|IX(2)|). So, to finish the
proof of Theorem 1.4 by showing the uniqueness of Y , we investigate Q(X) when X is
one of the varieties listed in Theorem 1.1, Theorem 1.2 and Theorem 1.3. Some of them
are cut out by quadrics and hence Q(X) is X itself. On the other hand, Q(X) can be
strictly bigger than X for some X (eg. see Proposition 2.3.(3) and Remark 4.1). Our
third main result is about a common property of Q(X) for all those X ’s.
Theorem 1.5. Suppose that k ∈ {0, 1, 2, 3} and c ≥ k + 1. If X ⊂ Pn+c is an n-
dimensional nondegenerate irreducible projective variety such that
a2(X) =
(
c+ 1
2
)
− k,
then X is the only nondegenerate irreducible component of Q(X) of dimension ≥ n.
The proof of this result is provided in § 4.
The organization of this paper is as follows. In §2, we review basic properties of va-
rieties of almost minimal degree and varieties of maximal sectional regularity. In §3, we
give a proof of Theorem 1.3. Finally, §4 and §5 are devoted to investigating Q(X) when
X is one of the varieties listed in Theorem 1.1, 1.2 and 1.3.
Acknowledgement. This work was supported by the Korea Research Foundation Grant
funded by the Korean Government (no. 2018R1D1A1B07041336).
2. Some projective varieties having large a2(X)
This section is devoted to reviewing some known results about varieties of almost minimal
degree and varieties of maximal sectional regularity since they appear in our main results
in the present paper. Throughout this section, let
X ⊂ Pn+c
be a nondegenerate projective variety of dimension n and degree d.
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2.1. Varieties of almost minimal degree. Due to [BS2], we say that X ⊂ Pn+c is a
variety of almost minimal degree if d = c + 2. The results of [Fu1] and [Fu2] imply that
these varieties can be divided into two classes:
1. X ⊂ Pn+c is linearly normal and X is normal;
2. X ⊂ Pn+c is non-linearly normal or X is non-normal.
By [Fu1, Theorem 2.1 b)], see also (6.4.6) and (9.2) in [?], X is of the first type if and
only if it is a normal del Pezzo variety. By [Fu1, Theorem 2.1 a)], X is of the second type
if and only if
X = πp(X˜)
where X˜ ⊂ Pn+c+1 is an n-dimensional variety of minimal degree and πp : X˜ → P
r is the
linear projection of X˜ from a closed point p in Pn+c+1 \ X˜ . In this case, one can naturally
expect that all the properties of X may be precisely described in terms of the relative
location of p with respect to X˜ . For the cohomological and local properties of X , this
expectation turns out to be true in [BS2]. Indeed those properties are governed by the
secant locus Σp(X˜) of X˜ with respect to p, which is defined to be the scheme-theoretic
intersection of X˜ and the union of all secant lines to X passing through p. In [BP1],
the authors obtained a classification theory of the second type by describing the so-called
secant stratification of X˜ ⊂ Pn+c+1 in terms of the secant locus Σp(X˜).
Theorem 2.1. Suppose that c ≥ 3 and let X ⊂ Pn+c be such that X = πp(X˜) where
X˜ ⊂ Pn+c+1 is an n-dimensional variety of minimal degree and p is a closed point in
Pn+c+1 \ X˜. Then
(1) ([HSV, Theorem A and B]) a2(X) =
(
c+1
2
)
+ depth(X)− n− 2.
(2) ([BS2, Theorem 1.3]) depth(X) = dim Σp(X˜) + 2 = dim Sing(X) + 2.
(3) ([BS2, Theorem 1.4] and [BP2, Theorem 5.5 and 5.8]) X is contained in an (n+1)-
dimensional rational normal scroll Y such that Sing(X) = Vert(Y ).
(4) ([BP1, Proposition 3.2]) dim Vert(X˜) ≤ dim Σp(X˜) ≤ dim Vert(X˜) + 3.
Note that the cases where depth(X) = n and n−1 appear in Theorem 1.2 and Theorem
1.3. In the following corollary, we show that if X is not a cone then the dimension of X
has an upper bound.
Corollary 2.2. Let X ⊂ Pn+c be as in Theorem 2.1. Suppose that X is not a cone (or,
equivalently, X˜ is not a cone). Then
(1) If depth(X) = n, then n ≤ 4.
(2) If n ≥ 2 and depth(X) = n− 1, then n ≤ 5.
Proof. Since X˜ is smooth, we have dim Vert(X˜) = −1. Thus we have
(2.1) − 1 ≤ dim Σp(X˜) = depth(X)− 2 ≤ 2
by Theorem 2.1.(2) and (4).
(1) By (2.1), we have n ≤ 4 if depth(X) = n.
(2) By (2.1), we have n ≤ 5 if depth(X) = n− 1. 
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2.2. Varieties of maximal sectional regularity. Let
C ⊂ P1+c
be a general linear curve section of X . By [GLP], the Castelnuovo-Mumford regularity
reg(C) is at most d−c+1. Due to [BLPS1], we say that X ⊂ Pn+c is a variety of maximal
sectional regularity if d ≥ c+3 and reg(C) is equal to the maximal possible value d−c+1.
By the classification result in [BLPS1], if c ≥ 4 then X is a variety of maximal sectional
regularity if and only if there is an n-dimensional linear subspace F(X) ⊂ Pr such that
X ∩F(X) ⊂ F(X) is a hypersurface of degree d− c+1. Note that this hypersurface gives
a (d− c+ 1)-secant line to C for all general linear curve section C of X .
Due to Theorem 1.3, we are interested in the case where d = c + 3.
Proposition 2.3. Suppose that c ≥ 4 and let X ⊂ Pn+c be an n-dimensional variety of
maximal sectional regularity and of degree d = c+ 3. Then
(1) depth(X) = n and depth(X ∪ F(X)) = n + 1.
(2) X ∪ F(X) is ideal theoretically cut out by quadrics.
(3) I(X)2 = I(X ∪ F(X))2 and hence Q(X) = X ∪ F(X).
Proof. (1) For n = 1 and n = 2, see respectively [BS1, Proposition 3.5] and [BLPS2,
Theorem 4.1]. For n ≥ 3, let S = X ∩P2+c be a general linear surface section of X . Then
S is a surface of maximal sectional regularity and F(S) = F(X) ∩ P2+c. In particular,
(X ∪ F(X)) ∩ P2+c = S ∪ F(S).
Therefore it follows that
depth(X) = depth(S) + (n− 2) = n
and
depth(X ∪ F(X)) = depth(S ∪ F(S)) + (n− 2) = n+ 1.
(2) Let Γ ⊂ Pc be a general zero dimensional linear section of X ∪ F(X). Then Γ is a
finite set of c+ 4 points in general position by [BS3, Theorem 1.1]. Since c ≥ 4, we have
|Γ| ≤ 2c and hence I(Γ) is generated by quadrics (cf. [GL, Theorem 1]). This shows that
X ∪ F(X) is ideal theoretically cut out by quadrics since depth(X ∪ F(X)) = n+ 1.
(3) By (1) and [BLPS2, Proposition 4.3], we have
a2(X) = a2(S) = a2(S ∪ F(S)) = a2(X ∪ F(S)).
Obviously, this shows that I(X)2 is equal to I(X ∪ F(X))2. 
3. Proof of Theorem 1.3
This section is devoted to proving Theorem 1.3. We begin with two useful known facts.
Proposition 3.1 (Corollary 4.3 and 4.4 in [Pa3]). Let c and k be integers with 1 ≤ k ≤ c
and let X ⊂ Pn+c be a nondegenerate projective variety of dimension n and degree d.
(1) If a2(X) =
(
c+1
2
)
+ 1− k, then d ≤ c+ k.
(2) If d = c+ k, then
a2(X) =
(
c+ 1
2
)
+ 1− k ⇔ depth(X) = n + 1.
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Corollary 3.2. Let X ⊂ Pn+c be a nondegenerate projective variety of codimension c ≥ 4
and degree d. If a2(X) =
(
c+1
2
)
− 3, then c+ 2 ≤ d ≤ c+ 4.
Proof. By Proposition 3.1.(1), it holds that c + 1 ≤ d ≤ c + 4. Also d 6= c + 1 since if
d = c+ 1, then a2(X) =
(
c+1
2
)
by Theorem 1.1. 
Proposition 3.3 (Theorem 3.11.(4) in [Pa3]). Suppose that c ≥ 4 and let C ⊂ Pc+1 be a
nondegenerate projective integral curve of degree d. Then a2(C) =
(
c+1
2
)
− 3 if and only if
is either
(i) d = c + 3 and C is a smooth rational curve having a 4-secant line
or
(ii) d = c + 3 and C is the image of an isomorphic projection of a linearly normal
curve of arithmetic genus 1 from a point
or else
(iii) d = c + 4 and C is a linearly normal curve of arithmetic genus 3.
Now, we want to investigate a few common properties of nondegenerate projective
varieties X ⊂ Pn+c of codimension c ≥ 4 such that a2(X) =
(
c+1
2
)
− 3.
Lemma 3.4. Let X ⊂ Pn+c be a nondegenerate irreducible projective variety of dimension
n ≥ 2, codimension c ≥ 4 and degree d ≥ c+3 and let Y ⊂ Pn−1+c be a general hyperplane
section of X. If a2(X) =
(
c+1
2
)
− 3, then a2(Y ) =
(
c+1
2
)
− 3.
Proof. Obviously, it holds that a2(Y ) ≥ a2(X) and equality is attained if depth(X) ≥ 2.
So, we need to consider the case where depth(X) = 1 and hence depth(Y ) = 1. In this
case, if a2(Y ) ≥
(
c+1
2
)
− 2 then d = c+ 3 and depth(Y ) = n ≥ 2 by Theorem 1.1 and 1.2.
Therefore it must hold that a2(Y ) =
(
c+1
2
)
− 3. 
Proposition 3.5. Let X ⊂ Pc+n be a nondegenerate irreducible projective variety of
codimension c ≥ 4 and degree d = c+3 such that a2(X) =
(
c+1
2
)
−3. Then depth(X) = n.
Proof. If n = 1, then the assertion comes from Proposition 3.3. Suppose that the state-
ment of this lemma holds for n = 2. Then it holds for all n ≥ 2 by Lemma 3.4. So we
concentrate on proving the case of n = 2.
From now on, suppose that n = 2. Let C ⊂ Pc+1 be a general hyperplane section of X .
Lemma 3.4 shows that a2(C) =
(
c+1
2
)
− 3. According to Proposition 3.3, there are two
cases.
First, suppose that C is a smooth rational curve of degree d = c+ 3 having a 4-secant
line. Thus C is a curve of maximal regularity and hence X is a surface of maximal sectional
regularity due to [BLPS1]. Note that
d = c+ 3 ≤ 2(2 + c)− 4
since c ≥ 4. Thus we get depth(X) = 2 by [BLPS2, Theorem 4.1].
Next, assume that C is the image of an isomorphic projection of a linearly normal
curve C˜ ⊂ P2+c of arithmetic genus 1 from a point. Then C˜ satisfies Green-Lazarsfeld’s
condition Nc−1 and hence C is 3-regular (cf. [BLPS2, Theorem 3.2]). We first show that
X is linearly normal. Indeed, if not then it is the image of an isomorphic projection of
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a surface X˜ ⊂ Pc+3 from a point. Note that deg(X˜) = c + 3 and a general hyperplane
section of X˜ is of arithmetic genus 1. Namely, X˜ is a del Pezzo surface (cf. [Fu3, Chapter
I. § 6]). Then X is 3-regular (cf. [BLPS2, Corollary 3.3]). Now, consider the long exact
sequence
0→ H0(Pc+2, IX(2))→ H
0(Pc+1, IC(2))→ H
1(Pc+2, IX(1))→ H
1(Pc+2, IX(2)) = 0
Since a2(X) = a2(C) by Lemma 3.4, it follows thatH
1(Pc+2, IX(1)) = 0, which contradicts
to our assumption that X is not linearly normal. In consequence, it is shown that X is
linearly normal.
To show that depth(X) ≥ 2, we use the long exact sequence
(3.1) · · · → H1(Pc+2, IX(j))→ H
1(Pc+2, IX(j + 1))→ H
1(Pc+1, IC(j + 1))→ · · · .
Note that the third term vanishes for all j ≥ 1 since C is 3-regular. For j = 1, we get
H1(Pc+2, IX(2)) = 0
since X is linearly normal. Repeating this argument, we can see the vanishing
H1(Pc+2, IX(j)) = 0
for all j ≥ 1. This completes the proof that depth(X) ≥ 2.
Finally, Theorem 1.2 shows that if depth(X) = 3 then a2(X) =
(
c+1
2
)
− 2. Therefore
depth(X) can only be 2. 
Now, we are ready to give a
Proof of Theorem 1.3. (⇒) : By Corollary 3.2, it holds that c + 2 ≤ d ≤ d+ 4. Also
if d = c+ 2, then
a2(X) =
(
c+ 1
2
)
− n− 2 + depth(X)
(cf. Theorem 2.1.(1)). Thus depth(X) = n− 1 and n ≥ 2.
Suppose that d = c + 3. Then Lemma 3.4 guarantees that the general linear curve
section C ⊂ P1+c of X is either (i) a smooth rational curve of d = c + 3 having a 4-
secant line or else (ii) the image of an isomorphic projection of a linearly normal curve
of arithmetic genus one from a point. In the former case, C is a curve of maximal curve
and hence X is a variety of maximal sectional regularity. In the latter case, g(X) = 1
and depth(X) = n by Proposition 3.5.
Finally, assume that d = c+ 4. Then Proposition 3.1.(2) says that depth(X) = n+ 1.
(⇐) : For (i), see again Theorem 2.1.(1). For (ii), we get depth(X) = n by Proposition
2.3.(1). Therefore we have depth(X) ≥ n for all cases (i) ∼ (iv). Thus the assertion
comes immediately from Proposition 3.3. 
4. The irreducible decomposition of Q(X) - Part I
For an n-dimensional nondegenerate irreducible projective variety X ⊂ Pn+c, we denote
by Q(X) the base locus of |IX(2)|. The aim of this section is to prove Theorem 1.5
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by investigating the irreducible decomposition of Q(X) when X satisfies the condition
a2(X) =
(
c+1
2
)
− k for some k ∈ {0, 1, 2, 3}.
We begin with the following Remark 4.1, in which we briefly review what is already
known about Theorem 1.5.
Remark 4.1. Due to Theorem 1.1, Theorem 1.2 and Theorem 1.3, we have a complete
list of X ⊂ Pn+c in Theorem 1.5. Let us divide them into four classes as follows:
(i) d = c + 1 + k and depth(X) = n+ 1;
(ii) d = c + 2 and depth(X) = n or n− 1;
(iii) d = c + 3, g(X) = 1 and depth(X) = n;
(iv) d = c + 3 and X is a variety of maximal sectional regularity.
(1) When X belongs to case (i), it is well known that I(X) is generated by quadrics and
hence Q(X) = X .
(2) When X belongs to case (iv), there exists an n-dimensional linear space F(X) such
that X ∩ F(X) is a quartic hypersurface in F(X). In this case, it is known that
I(X)2 = I(X ∪ F(X))2
and X ∪ F(X) is ideal theoretically cut out by quadrics. In consequence, we have
Q(X) = X ∪ F(X).
For details, see Proposition 2.3.
(3) To study the cases (ii) and (iii), it turns out to be crucial to investigate Q(Z) when
a nondegenerate projective algebraic set Z ⊂ Pr is a divisor of a smooth rational normal
scroll in Pr.
Notation and Remark 4.2. Let 0 ≤ a1 ≤ . . . ≤ an+1 be a sequence of integers where
an and an+1 are positive. Consider the (n+ 1)-fold rational normal scroll
Y := S(a1, . . . , an+1) ⊂ P
n+c
of numerical type (a1, . . . , an, an+1). Thus c = a1 + · · · + an+1. The divisor class group
of Y is freely generated by the hyperplane section H and a linear subspace F ⊂ Y of
dimension n. So, we can write the divisor class of an effective divisor X of Y as aH + bF
for some integers a ≥ 0 and b ∈ Z. Several basic properties of X are invariant insider its
divisor class. For example, X is a nondegenerate subscheme of Pn+c in the sense that its
homogeneous ideal contains no nonzero linear forms if and only if
(4.1)
a = 0 and b ≥ 1 + an+1 or a = 1 and b ≥ 1 or a ≥ 2 and b ≥ −aan+1
(cf. [Pa3, Lemma 2.2]).
Proposition 4.3. Let Y and X be as in Notation and Remark 4.2. We assume that the
divisor class aH + bF of X satisfies (4.1) and hence X ⊂ Pn+c is nondegenerate. Then
(1) The following three statements are equivalent:
(i) Q(X) = Y ;
(ii) a2(X) = a2(Y );
(iii) Either a = 0 and b ≥ 1+2an+1 or a = 1 and b ≥ 1+ an+1 or a = 2 and b ≥ 1
or a ≥ 3.
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(2) Let k ≥ 1 be the integer such that ak < ak+1 = · · · = an+1 and let X0 denote the
subvariety S(a1, . . . , ak) of Y . Then
(2.a) If a = 2 and −2an+1 ≤ b ≤ 0, then Q(X) = X.
(2.b) If a = 1 and 1 ≤ b ≤ a1, then Q(X) = X.
(2.c) If a = 1 and a1 + 1 ≤ b ≤ an+1, then Q(X) ⊆ X ∪X0.
Proof. From the short exact sequence 0→ IY → IX → OY (−X)→ 0, we get
0→ H0(Pn+c, IY (2))→ H
0(Pn+c, IX(2))→ H
0(Y,OY (2H −X))→ 0
since Y ⊂ Pn+c is projectively normal. This proves the equality
(4.2) a2(X)− a2(Y ) = h
0 (Y,OY ((2− a)H − bF )) .
(1) (i)⇔ (ii) : Since I(Y )2 ⊆ I(X)2 and Y = Q(Y ), we have
Q(X) ⊆ Y.
Obviously, if a2(X) > a2(Y ) then Q(X) ( Y . Thus it holds that Q(X) = Y exactly when
a2(X) = a2(Y ).
(ii)⇔ (iii) : From (4.2), the equality a2(X) = a2(Y ) holds if and only if
h0 (Y,OY ((2− a)H − bF )) = 0.
It is an elementary task to check that this occurs exactly when (iii) holds.
(2) We prove the three cases in turn.
(2.a) Suppose that a = 2 and −2an+1 ≤ b ≤ 0. We will see that I(X) is generated by
I(X)2 and hence Q(X) = X . Indeed, if −2an+1 ≤ b ≤ −c + 1 then reg(X) = 2 and
hence I(X) = 〈I(X)2〉. Also, if −c+2 ≤ b ≤ 0 then X is arithmetically Cohen-Macaulay
and deg(X) ≤ 2c. Let Γ ⊂ Pc be a general zero-dimensional linear section of X . Since
|Γ| ≤ 2c, the homogeneous ideal of Γ is generated by its quadratic equations. This shows
that I(X) = 〈I(X)2〉.
(2.b) Suppose that a = 1 and 1 ≤ b ≤ a1. Then X is ideal-theoretically cut out by
quadrics and hence Q(X) = X . For details, see [Pa1, Lemma 3.1 and Theorem 3.2.(2)].
(2.c) Suppose that a = 1 and a1+1 ≤ b ≤ an+1. For each k+1 ≤ i ≤ n+1, let Xi denote
the sub-scroll S(a1, . . . , aˆi, . . . , an+1) of Y . Then
Xi ≡ H − aiF = H − an+1F
since ak+1 = · · · = an+1, and hence we have
X ∪Xi ≡ 2H + (b− an+1)F.
Then
−2an+1 ≤ 1− an+1 ≤ b− an+1 ≤ 0
and hence Q(X ∪Xi) = X ∪Xi by (2.a). Therefore
Q(X) ⊂
⋂
k+1≤i≤n+1
Q(X ∪Xi) = X ∪
( ⋂
k+1≤i≤n+1
Xi
)
= X ∪X0.
This completes the proof. 
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Proposition 4.4. Let C ⊂ P1+c, c ≥ 4, be a nondegenerate projective integral curve of
arithmetic genus 1 and degree d = c + 3. Then C is the only nondegenerate irreducible
component of Q(C).
Proof. Since h0(C,OC(1)) = d+ 1− g(C) = c+ 3, it holds that
C = πP (C˜)
where C˜ ⊂ P2+c is the linearly normal embedding of C by the complete linear series |OC(1)|
and πP : C˜ → P
1+c is an isomorphic linear projection of C˜ from a closed point P ∈ P2+c.
Note that C˜ is contained in a smooth rational normal surface scroll S˜ = S(m+b−2, m)
where 0 ≤ b ≤ 2 and b+ 2m = c+ 3 (cf. [Pa2, Theorem 3.1 and Corollary 3.3]). Indeed,
S˜ is smooth since
c ≥ 4 and m ≥ m+ b− 2 ≥
⌈
c− 1 + b
2
⌉
≥ 2.
Furthermore, P is not contained in S˜ since C˜ is a bisecant divisor of S˜ and πP : C˜ → C is
an isomorphism. This implies that the projected surface
S := πP (S˜) ⊂ P
1+c
is contained in a rational normal 3-fold scroll T ⊂ P1+c (cf. [BS2, Theorem 1.4]). Also
S is a surface of almost minimal degree. By Theorem 2.1.(3), either dim Vert(T ) ≤ 0 or
else dim Vert(T ) = 1 and S is arithmetically Cohen-Macaulay. In the latter case, I(S)
is generated by quadratic forms and hence Q(S) = S. In the former case, S is linearly
equivalent to H + 2F as a divisor of T and hence Proposition 4.3.(2.c) shows that S is
the unique nondegenerate irreducible component of Q(S).
Suppose that there is a nondegenerate irreducible component D of Q(C) which is dif-
ferent from C. Then D must be a curve since a2(D) ≥ a2(C) >
(
c
2
)
. Also, since
D ⊂ Q(C) ⊂ Q(S)
and S is the only nondegenerate irreducible component of Q(S), it follows that D is
contained in S. Let D˜ ⊂ S˜ be the pull-back of D via πP .
C˜ ⊂ C˜ ∪ D˜ ⊂ S˜
↓ ↓ ↓ πP
C ⊂ C ∪D ⊂ S ⊂ T
Observe that
C˜ ∪ D˜ ≡ aH + bF for some a ≥ 3.
In particular, it holds that
I(C˜ ∪ D˜)2 = I(S˜)2 and hence Q(C˜ ∪ D˜) = S˜
by Proposition 4.3. Then it follows that
I(C)2 = I(C ∪D)2 = I(S)2.
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In particular, we get
a2(S) = a2(C) =
(
c+ 1
2
)
− 3 =
(
c
2
)
+ c− 3 >
(
c
2
)
,
which is a contradiction. In consequence, Q(C) has no nondegenerate irreducible compo-
nent except C. 
Now, we are ready to give a
Proof of Theorem 1.5. In Remark 4.1, we divide the varieties in consideration into
four cases. When X belongs to the cases (i) and (iv), the statement of our theorem is
already shown (cf. Remark 4.1). Also if X belongs to the case (ii), then it is contained
in an (n+ 1)-fold rational normal scroll as a divisor. So, X satisfies the desired property
by Proposition 4.3.
Now, suppose that X belongs to the case (iii). Namely, X ⊂ Pn+c is a nondegenerate
projective irreducible variety of dimension n and degree d = c + 3 such that g(X) = 1.
Let C ⊂ P1+c be a general linear curve section of X . Then a2(X) = a2(C) by Lemma 3.4
and hence I(C)2 is equal to the restriction of I(X)2 to C. In particular, it holds that
Q(C) = Q(X) ∩ P1+c.
By Proposition 4.4, we know that C is the only nondegenerate irreducible component of
Q(C). This shows that Q(X) has no nondegenerate irreducible component of dimension
≥ n except X . 
5. The irreducible decomposition of Q(X) - Part II
This section is devoted to studying the irreducible decomposition of Q(X) when X ⊂ Pn+c
is an n-dimensional nondegenerate irreducible projective variety of degree d such that
d ≥ 2c + 2k + 3 and a2(X) =
(
c
2
)
− k for some k ∈ {0, 1, 2, 3}. The following our main
result in this section shows how this problem is related to the classification theory obtained
in Theorem 1.1, Theorem 1.2 and Theorem 1.3.
Theorem 5.1. Let X ⊂ Pn+c be a nondegenerate projective variety of dimension n and
degree d ≥ 2c + 2k + 3 such that a2(X) =
(
c
2
)
− k for some k ∈ {0, 1, 2, 3}. Then there
exists a unique projective variety Y ⊂ Pn+c satisfying the following three conditions:
(i) dim Y = n + 1;
(ii) X ⊂ Y (and hence Y is nondegenerate in Pn+c);
(iii) I(Y )2 = I(X)2 (and hence Q(Y ) = Q(X) and a2(Y ) =
(
c
2
)
− k).
We will give the proof of this theorem at the end of this section. We begin with some
well-known and beautiful results in Castelnuovo Theory.
Theorem 5.2 (G. Castelnuovo, G. Fano and Eisenbud-Harris in [H], I. Petrakiev in [Pe]).
Let k be an integer in {0, 1, 2, 3}. Suppose that
c ≥
{
k + 2 if 0 ≤ k ≤ 2, and
6 if k = 3.
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Let C ⊂ P1+c be a nondegenerate projective integral curve of degree d and let Γ ⊂ Pc be
a general hyperplane section of C. If a2(Γ) =
(
c
2
)
− k, then Γ lies on a nondegenerate
projective integral curve D ⊂ Pc of degree ≤ c+ k.
Proposition 5.3. Let X ⊂ Pn+c be a nondegenerate projective variety of dimension n
and degree d such that a2(X) =
(
c
2
)
− k for some 0 ≤ k ≤ c− 2.
(1) Let Y be an irreducible component of Q(X) such that Y ⊂ Pn+c is nondegenerate.
Then dim Y ≤ n+ 1.
(2) Let Y be an irreducible component of Q(X) which contains X. Then either Y = X
or else dim Y = n + 1.
Proof. (1) If m := dim Y > n+ 1, then we have
a2(Y ) ≤
(
n+ c−m+ 1
2
)
<
(
c− 1
2
)
.
This contradicts to the assumption that
a2(Y ) ≥ a2(X) =
(
c− 1
2
)
+ (c− 1− k) ≤
(
c− 1
2
)
.
Thus it must hold that m ≤ n+ 1.
(2) The assertion comes immediately by (1). 
Now, we are ready to give a proof of Theorem 5.1.
Proof of Theorem 5.1. First we will show that there exists an irreducible component
of Q(X) which satisfies the conditions (i) ∼ (iii). Let
Q(X) = Y1 ∪ · · · ∪ Yℓ
be the minimal irreducible decomposition of Q(X) and let Γ ⊂ Pc be a zero-dimensional
general linear section of X . Since d ≥ 2c+ 2k + 3, we have
a2(X) ≤ a2(Γ) ≤
(
c
2
)
and hence we can write a2(Γ) =
(
c
2
)
− ǫ for some non-negative integer ǫ ≤ k. Then
Theorem 5.2 says that Γ lies on a curve D of degree ≤ c + ǫ. Moreover, it holds that
a2(Γ) = a2(D). Indeed, consider the short exact sequence
0→ ID → IΓ → IΓ/D → 0.
Then we have the long exact sequence
0→ H0(Pc, ID(2))→ H
0(Pc, IΓ(2))→ H
0(D, IΓ/D(2))→ · · ·
and hence it suffices to show that H0(D, ID/Γ(2)) = 0. We can regard H
0(D, ID/Γ(2)) as
a subspace of H0(D,OD(2)). In particular, if H
0(D, IΓ/D(2)) has a non-zero element s
then V (s) in D contains Γ and hence
|V (s)| ≥ |Γ| > 2× deg(D).
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This is impossible since D is locally Cohen-Macaulay. Consequently, it must hold that
H0(D, IΓ/D(2)) = 0. Now, it follows that I(Γ)2 = I(D)2 and hence Q(D) = Q(Γ). From
Γ ⊂ D ⊂ Q(D) = Q(Γ) ⊂ Q(X) ∩ Pc =
⋃
1≤i≤ℓ
(Yi ∩ P
c),
we have D ⊂ Yi ∩ P
c for some i. Then Yi ⊂ P
n+c is nondegenerate and hence Proposition
5.3 shows that dim Yi ≤ n + 1. Then dim Yi = n + 1 since D ⊂ Yi ∩ P
c. Therefore
D = Yi ∩ P
c. Also note that
dim (X ∩ Yi) = dim (X ∩ Yi ∩ P
c) + n ≥ dim Γ + n = n.
Thus it holds that X ⊂ Yi and hence I(Yi)2 ⊆ I(X)2. Finally, we have I(X)2 ⊆ I(Yi)2
since Yi ⊂ Q(X). In consequence, it holds that I(X)2 = I(Yi)2.
To prove the uniqueness of Y , note that Yi ⊂ P
n+c is an (n + 1)-dimensional nonde-
generate projective variety with a2(Yi) =
(
c
2
)
− k for some 0 ≤ k ≤ 3. Thus Y is the only
nondegenerate irreducible component of Q(Y ) of dimension ≥ n + 1. This completes the
proof since Q(Y ) = Q(X). 
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